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1 Introduction

Fast Fourier Transforms (FFTs) are efficient algorithms for calculating the discrete fourier transform
(DFT),

h, = DFT(g) (1)
N-1
= > gpexp(—2miab/N) 0<a<N-1 (2)
b=0
N-1
= Y gW@ Wy =exp(—2mi/N) (3)
b=0

The DFT usually arises as an approximation to the continuous fourier transform when functions are
sampled at discrete intervals in space or time. The naive evaluation of the discrete fourier transform
is a matrix-vector multiplication Wg, and would take O(N?) operations for N data-points. The
general principle of the Fast Fourier Transform algorithms is to use a divide-and-conquer strategy
to factorize the matrix W into smaller sub-matrices, typically reducing the operation count to
O(NY f;) if N can be factorized into smaller integers, N = fifs... fa.

This chapter explains the algorithms used in the GSL FFT routines and provides some infor-
mation on how to extend them. To learn more about the FFT you should read the review article
Fast Fourier Transforms: A Tutorial Review and A State of the Art by Duhamel and Vetterli [1].
There are several introductory books on the FFT with example programs, such as The Fast Fourier
Transform by Brigham [2] and DFT/FFT and Convolution Algorithms by Burrus and Parks [3]. In
1979 the IEEE published a compendium of carefully-reviewed Fortran FFT programs in Programs
for Digital Signal Processing [4] which is a useful reference for implementations of many different
FFT algorithms. If you are interested in using DSPs then the Handbook of Real-Time Fast Fourier
Transforms [5] provides detailed information on the algorithms and hardware needed to design,
build and test DSP applications. Many FFT algorithms rely on results from number theory. These
results are covered in the books Fast transforms: algorithms, analyses, applications, by Elliott and
Rao [6], Fast Algorithms for Digital Signal Processing by Blahut [7] and Number Theory in Digital
Signal Processing by McClellan and Rader [8]. There is also an annotated bibliography of papers
on the FFT and related topics by Burrus [9].

2 Families of FFT algorithms

There are two main families of FFT algorithms: the Cooley-Tukey algorithm and the Prime Factor
algorithm. These differ in the way they map the full FFT into smaller sub-transforms. Of the



Cooley-Tukey algorithms there are two types of routine in common use: mixed-radix (general-N)
algorithms and radix-2 (power of 2) algorithms. Each type of algorithm can be further classified
by additional characteristics, such as whether it operates in-place or uses additional scratch space,
whether its output is in a sorted or scrambled order, and whether it uses decimation-in-time or
-frequency iterations.

Mixed-radix algorithms work by factorizing the data vector into shorter lengths. These can then
be transformed by small-N FFTs. Typical programs include FFTs for small prime factors, such as
2, 3, 5, ...which are highly optimized. The small-N FFT modules act as building blocks and can
be multiplied together to make longer transforms. By combining a reasonable set of modules it is
possible to compute FFTs of many different lengths. If the small-N modules are supplemented by
an O(N?) general-N module then an FFT of any length can be computed, in principle. Of course,
any lengths which contain large prime factors would perform only as O(N?).

Radix-2 algorithms, or “power of two” algorithms, are simplified versions of the mixed-radix
algorithm. They are restricted to lengths which are a power of two. The basic radix-2 FFT module
only involves addition and subtraction, so the algorithms are very simple. Radix-2 algorithms have
been the subject of much research into optimizing the FF'T. Many of the most efficient radix-2
routines are based on the “split-radix” algorithm. This is actually a hybrid which combines the
best parts of both radix-2 and radix-4 (“power of 4”) algorithms [10, 11].

The prime factor algorithm (PFA) is an alternative form of general-N algorithm based on a
different way of recombining small-N FFT modules [12, 13]. It has a very simple indexing scheme
which makes it attractive. However it only works in the case where all factors are mutually prime.
This requirement makes it more suitable as a specialized algorithm for given lengths.

2.1 FFTs of prime lengths

Large prime lengths cannot be handled efficiently by any of these algorithms. However it may still
possible to compute a DFT, by using results from number theory. Rader showed that it is possible
to convert a length-p FFT (where p is prime) into a convolution of length-(p — 1). There is a
simple identity between the convolution of length N and the FFT of the same length, so if p — 1
is easily factorizable this allows the convolution to be computed efficiently via the FFT. The idea
is presented in the original paper by Rader [14] (also reprinted in [8]), but for more details see the
theoretical books mentioned earlier.

2.2 Optimization

There is no such thing as the single fastest FFT algorithm. FFT algorithms involve a mixture of
floating point calculations, integer arithmetic and memory access. Each of these operations will
have different relative speeds on different platforms. The performance of an algorithm is a function
of the hardware it is implemented on. The goal of optimization is thus to choose the algorithm best
suited to the characteristics of a given hardware platform.

For example, the Winograd Fourier Transform (WFTA) is an algorithm which is designed to
reduce the number of floating point multiplications in the FFT. However, it does this at the expense
of using many more additions and data transfers than other algorithms. As a consequence the
WFTA might be a good candidate algorithm for machines where data transfers occupy a negligible
time relative to floating point arithmetic. However on most modern machines, where the speed of
data transfers is comparable to or slower than floating point operations, it would be outperformed
by an algorithm which used a better mix of operations (i.e. more floating point operations but



fewer data transfers).

For a study of this sort of effect in detail, comparing the different algorithms on different plat-
forms consult the paper Effects of Architecture Implementation on DFT Algorithm Performance
by Mehalic, Rustan and Route [15]. The paper was written in the early 1980’s and has data for
super- and mini-computers which you are unlikely to see today, except in a museum. However, the
methodology is still valid and it would be interesting to see similar results for present day computers.

3 FFT Concepts

Factorization is the key principle of the mixed-radix FFT divide-and-conquer strategy. If N can be
factorized into a product of n; integers,

N:flfz---fnf; (4)

then the FF'T itself can be divided into smaller FFTs for each factor. More precisely, an FFT of
length N can be broken up into,

(N/f1) FFTs of length fi,
(N/f2) FFTs of length f,

(N/ fn;) FFTs of length f, .

The total number of operations for these sub-operations will be O(N(f1 + fo + ... + fn;)). When
the factors of N are all small integers this will be substantially less than O(N?). For example,
when N is a power of 2 an FFT of length N = 2™ can be reduced to mN/2 FFTs of length 2, or
O(N log, N) operations. Here is a demonstration which shows this:

We start with the full DFT,

N-1
ha = > Wy Wy = exp(—27i/N) (5)
b=0

and split the sum into even and odd terms,

N/2—1 , N/2—1 ,
a(2 a(2b+1
= > @i+ Y g WY (6)

This converts the original DFT of length N into two DFTs of length N/2,

N/2-1 N/2—-1

he = Z gaW&{’,/Q)—i-W]% Z 92b+1W((}3/2) (7)
b=0 b=0

The first term is a DFT of the even elements of g. The second term is a DFT of the odd elements
of g, premultiplied by an exponential factor W& (known as a twiddle factor).

DFT(h) = DFT(geven) + WEDFT(goqq) (8)

By splitting the DFT into its even and odd parts we have reduced the operation count from N?
(for a DFT of length N) to 2(N/2)? (for two DFTs of length N/2). The cost of the splitting is that
we need an additional O(N) operations to multiply by the twiddle factor W% and recombine the
two sums.



We can repeat the splitting procedure recursively log, N times until the full DFT is reduced to
DFTs of single terms. The DFT of a single value is just the identity operation, which costs nothing.
However since O(N) operations were needed at each stage to recombine the even and odd parts the
total number of operations to obtain the full DFT is O(N log, N). If we had used a length which
was a product of factors fi, fs, ... we could have split the sum in a similar way. First we would
split terms corresponding to the factor f;, instead of the even and odd terms corresponding to a
factor of two. Then we would repeat this procedure for the subsequent factors. This would lead to
a final operation count of O(N Y f;).

This procedure gives some motivation for why the number of operations in a DF'T can in principle
be reduced from O(N?) to O(N Y f;). It does not give a good explanation of how to implement
the algorithm in practice which is what we shall do in the next section.

4 Radix-2 Algorithms

For radix-2 FFTs it is natural to write array indices in binary form because the length of the data
is a power of two. This is nicely explained in the article The FFT: Fourier Transforming One Bit at
a Time by P.B. Visscher [16]. A binary representation for indices is the key to deriving the simplest
efficient radix-2 algorithms.

We can write an index b (0 < b < 2"7!) in binary representation like this,

b = [bn,1 . blbO] = 2n71bn,1 + ...+ 2b1 + bo. (9)

Each of the b, by, ..., b, 1 are the bits (either 0 or 1) of b.
Using this notation the original definition of the DFT can be rewritten as a sum over the bits
of b,

h(a) = Zl gy exp(—2miab/N) (10)

to give an equivalent summation like this,

1 1

h([an_l...alao]):bz S0 Y g(bat .- bib)WR (11)

0=0 b1=0 bp—1=0

where the bits of a are a = [a,_1 ... a1a0].
To reduce the number of operations in the sum we will use the periodicity of the exponential
term,

Wit = Wg. (12)

Most of the products ab in W& are greater than N. By making use of this periodicity they can all
be collapsed down into the range 0... N — 1. This allows us to reduce the number of operations
by combining common terms, modulo N. Using this idea we can derive decimation-in-time or
decimation-in-frequency algorithms, depending on how we break the DFT summation down into
common terms. We’'ll first consider the decimation-in-time algorithm.



4.1 Radix-2 Decimation-in-Time (DIT)

To derive the the decimation-in-time algorithm we start by separating out the most significant bit
of the index b,

[bn—l e blbo] = 2n_lbn_1 + [bn_g e blbo] (13)

Now we can evaluate the innermost sum of the DF'T without any dependence on the remaining bits
of b in the exponential,

1 1 1
h([an_1.--alao]) _ Z Z Z (b)W;\J}@n_1bn_1+[bn_2mb1b0]) (14)
0=0 b1=0 bp—1=0
LG : b 2...b1bo] a(2" tby_1)
S PIND ol S oL (15)
0=0 b1=0 bn 2=0 bp—1=0

n—1
Looking at the term W]?,(Z b»-1) we see that we can also remove most of the dependence on a as

well, by using the periodicity of the exponential,

W;\l,@n_lb"’l) = exp(=2milan_1-..0a100)2" 'b,_1/2") (16)
exp(—2mi[a,— 1 .. a100)bp—1/2) (17)

= exp(—2mi(2" %ap_1 + ... + a1 + (a0/2))bn-1) (18)

= exp(—2miagb,—1/2) (19)

= Wy (20)

Thus the innermost exponential term simplifies so that it only involves the highest order bit of b

and the lowest order bit of a, and the sum can be reduced to,

h((anor---arag)) = 3 3 .0 3 Wwbe-2nbibol Z g(b) Wb, (21)

bo=0b1=0 bn_2=0 bn_1=0

We can repeat this this procedure for the next most significant bit of b, b, _o, using a similar identity,

WZC\L;(Q"_Q”nd) = exp(—2mi[an_1...0a100)2" *b,_2/2") (22)
— Wll[ala()]bn_2- (23)

to give a formula with even less dependence on the bits of a,

h([an_l...alao Z Z Z W a[bn—3---b1bo] Z Wmao Jon—2 Z g aObn 1 (24)

=0b:=0 bn 3=0 bp—2=0 bn—1=0
If we repeat the process for all the remaining bits we obtain a simplified DFT formula which is the
basis of the radix-2 decimation-in-time algorithm,

1

h([an,l...alao Z an 1---041G0) 0“. Z a1a0 Jbn—2 Z aobn 1 (25)

bo=0 bp—2=0 bp—1=0



To convert the formula to an algorithm we expand out the sum recursively, evaluating each of the

intermediate summations, which we denote by ¢1, g2, ..., gn,
1
91(a0,bn—2,bp_3,...,b1,b0) = > Wzaobnflg([bn—1bn—25n—3 .. bibo]) (26)
b,-1=0
! b
92(ag, 01,bp_g,. .. b1, bo) = D W4[a1a0] "?g1(ao, bp—2,bp—3, - .., b1,bp) (27)
bn—2=0
! b
g3(ao, a1, ag,...,bi,by) = > Ws[amaol "~ g9(ao, a1, bn—3, ..., b1, bo) (28)
b,—3=0
= ... (29)
1
gn(ao, ai, G2, ..., 0n—2, a'nfl) = Z W][\(flnilmala()]bognfl(am a1, 02y - - -, Ap—2, bO) (30)
bo=0
After the final sum, we can obtain the transform h from g,,
h(lan—1---a1a0]) = gn(ag, a1, .., an_1) (31)

Note that we left the storage arrangements of the intermediate sums unspecified by using the bits
as function arguments and not as an index. The storage of intermediate sums is different for the
decimation-in-time and decimation-in-frequency algorithms.

Before deciding on the best storage scheme we’ll show that the results of each stage, g1, go, - ..,
can be carried out in-place. For example, in the case of g;, the inputs are,

9([br—1bn—2bn_3 ... b1bg]) (32)
for b, 1 = (0,1), and the corresponding outputs are,

91(a0, bn—2,bn—3, - - -, b1, bo) (33)
for ag = (0,1). It’s clear that if we hold b,_s,b,_3,..., b1, by fixed and compute the sum over b,

in memory for both values of ay = 0,1 then we can store the result for ag = 0 in the location which
originally had by = 0 and the result for ag = 1 in the location which originally had by = 1. The two
inputs and two outputs are known as dual node pairs. At each stage of the calculation the sums
for each dual node pair are independent of the others. It is this property which allows an in-place
calculation.

So for an in-place pass our storage has to be arranged so that the two outputs g (ay, . . .) overwrite
the two input terms g([b,_1,...]). Note that the order of a is reversed from the natural order of b.
i.e. the least significant bit of a replaces the most significant bit of 5. This is inconvenient because
a occurs in its natural order in all the exponentials, W. We could keep track of both a and its
bit-reverse, a?®"¢v¢s¢d at all times but there is a neat trick which avoids this: if we bit-reverse the
order of the input data g before we start the calculation we can also bit-reverse the order of @ when
storing intermediate results. Since the storage involving a was originally in bit-reversed order the
switch in the input g now allows us to use normal ordered storage for a, the same ordering that
occurs in the exponential factors.

This is complicated to explain, so here is an example of the 4 passes needed for an N = 16
decimation-in-time FFT, with the initial data stored in bit-reversed order,

1

91([bob1b2ag]) = ngobsg([bobl%bﬂ) (34)

b3=0



g2([bobrarag)) = z Wi g, ([bob1 baaq]) (35)

93([50662@1@0]) = Z [a2a1a0 [bOblalao]) (36)
h(a) = ga([asazara0]) = bZ Wig 2401 g ([boasas ao)) (37)

We compensate for the bit reversal of the input data by accessing g with the bit-reversed form of b
in the first stage. This ensures that we are still carrying out the same calculation, using the same
data, and not accessing different values. Only single bits of b ever occur in the exponential so we
never need the bit-reversed form of b.

Let’s examine the third pass in detail,

1
g3([boazarag)) = 3 Wi**% g, ([bobyaya)) (38)

b1=0

First note that only one bit, b;, varies in each summation. The other bits of b (by) and of a (a1ao) are
essentially “spectators” — we must loop over all combinations of these bits and carry out the same
basic calculation for each, remembering to update the exponentials involving Wy appropriately.
If we are storing the results in-place (with g3 overwriting g» we will need to compute the sums
involving b; = 0,1 and ay = 0,1 simultaneously.

g3([b000,10,0]) _ gg([b()Oalao]) W[Oalao ([b21a1a0])
( 93([bolaiao)) ) B ( 92([bo0asag]) + W' gy ([bs1a1a0)) ) (39)

We can write this in a more symmetric form by simplifying the exponential,

Wg[azalao W4a2+ [ara0] _ (—1)a2W8[a1a0] (40)
( 93([[)00&16&)]) ) _ ( gg([bo(]alao]) +W8[ala°]gg([bgla1a0]) ) (41)
93([bolaiao)) 92([bo0arag)) — W™l ga([bo1a; ag))

The exponentials W8 “19] are referred to as twiddle factors. The form of this calculation, a sym-

metrical sum and difference involving a twiddle factor is called a butterfly. It is often shown
diagrammatically, and in the case by = ap = a; = 0 would be drawn like this,

9200) . » 93(0) = g2(0) + Wi'g2(4)

92(4) . v 93(4) = 92(0) — Wi go(4)
wa -1

The inputs are shown on the left and the outputs on the right. The outputs are computed by
multiplying the incoming lines by their accompanying factors (shown next to the lines) and summing
the results at each node.



In general, denoting the bit for dual-node pairs by A and the remaining bits of a and b by a
and b, the butterfly is,

glb+a) ) [ 9b+a)+Wirg(b+A +a) (42)
glb+A+a) glb+a) —Wirglb+A+a)

where @ runs from 0...A —1 and b runs through 0 x 2A, 1 x 2A, ..., (N/A —1)2A. The value of
A is 1 on the first pass, 2 on the second pass and 2" ! on the n-th pass. Each pass requires N/2
in-place computations, each involving two input locations and two output locations.

In the example above A = [100] = 4, & = [a1ao] and b = [b,000].

This leads to the canonical radix-2 decimation-in-time FFT algorithm for 2" data points stored
in the array ¢(0)...g(2" —1).

bit-reverse ordering of g
A<=1
for pass=1...n do
W < exp(—2mi/2A)
for (a =0;a < A;a++) do
for (b=0;b< N;b+ =2xA) do
to=g(b+a) +Weg(b+A+a)
th<=g(b+a)—Wogb+A+a)
g(b + a) <ty
gb+A+a) <=t
end for
end for
A <= 2A
end for

4.2 Details of the Implementation

It is straightforward to implement a simple radix-2 decimation-in-time routine from the algorithm
above. Some optimizations can be made by pulling the special case of a = 0 out of the loop over a,
to avoid unnecessary multiplications when W% =1,

for (b=0;b< N;b+ =2%A) do
to<=g(b) +9(b+A)
t1<=g(b) —g(b+A)

end for

There are several algorithms for doing fast bit-reversal. We use the Gold-Rader algorithm, which
is simple and does not require any working space,



fori=0...n—2do
k=mn/2
if 7 < j then
swap g(i) and g(5)
end if
while £ < j do
J<E=j—k
k<k/2
end while
j&=i+k
end for
The Gold-Rader algorithm is typically twice as fast as a naive bit-reversal algorithm (where the bit
reversal is carried out by left-shifts and right-shifts on the index). The library also has a routine
for the Rodriguez bit reversal algorithm, which also does not require any working space [17]. There
are faster bit reversal algorithms, but they all use additional scratch space [18].
Within the loop for a we can compute W using a trigonometric recursion relation,

Wl = Wwe (43)
= (cos(2m/2A) + isin(27/2A))W* (44)
This requires only 2log, N trigonometric calls, to compute the initial values of exp(27i/2A) for

each pass.

4.3 Radix-2 Decimation-in-Frequency (DIF)

To derive the decimation-in-frequency algorithm we start by separating out the lowest order bit of
the index a. Here is an example for the decimation-in-frequency N = 16 DFT.

Wl[(gsagalao][bsbzblbo] _ Wl[gmalao][bzblbo]Wl[gsamao][bgooo] (45)
Ws[agazal][bzblbo]Wlaé][b2b1bo]W2aob3 (46)
_ Ws[agazal][bzblbo]Wlaé)[b2b1bo](_1)a0b3 (47)
By repeating the same type of the expansion on the term,

W8[a3a2a1][b2b1bo] (48)

we can reduce the transform to an alternative simple form,
ha) = 32 () 3 (<Ll 3 (el Y (Cneign)  (49)

bo=0 b1=0 b2=0 b3=0

To implement this we can again write the sum recursively. In this case we do not have the problem
of the order of a being bit reversed — the calculation can be done in-place using the natural ordering
of a and b,

1

g1([agbabibg]) = Wil ™ (1908 g([bybyby o)) (50)
b3=0
1

ga(faoabibg]) = W 3™ (=1)@t2g, ([aghabiby)) (51)

b>=0



1

93([aoarasho]) = szboZ_(—l)a2b192([aoalb1bo]) (52)

h(a) = gs([aoarazas]) = Y (—1)®%gs([agaiazbo]) (53)

bo=0

The final pass leaves the data for h(a) in bit-reversed order, but this is easily fixed by a final
bit-reversal of the ordering.

The basic in-place calculation or butterfly for each pass is slightly different from the decimation-
in-time version,

g(a+b) g(a+b) + gla + A +b)
(9(&+A+5)><_(WA((+B) (a+A+b))) (54)

In each pass b runs from 0...A — 1 and & runs from 0, 2A, ..., (N/A —1)A. On the first pass we
start with A = 16, and on subsequent passes A takes the values 8,4,...,1.

This leads to the canonical radix-2 decimation-in-frequency FFT algorithm for 2" data points
stored in the array ¢(0)...g(2" — 1).

A <2t
for pass=1...n do
W <« exp(—2mi/2A)
for (b=0;b < A;b++) do
for (a=0;a < N;a+=2xA) do
to=g(b+a)+gla+A+0b)
t; <= Wb(g(a+b) —gla+ A+D))
gla+b) <ty
gla+A+b) <=t
end for
end for
A<= A/2
end for
bit-reverse ordering of g

5 Self-Sorting Mixed-Radix Complex FFTs

This section is based on the review article Self-sorting Mized-Radixz Fast Fourier Transforms by
Clive Temperton [19]. You should consult his article for full details of all the possible algorithms
(there are many variations). Here I have annotated the derivation of the simplest mixed-radix
decimation-in-frequency algorithm.

For general-N FFT algorithms the simple binary-notation of radix-2 algorithms is no longer
useful. The mixed-radix FFT has to be built up using products of matrices acting on a data vector.
The aim is to take the full DFT matrix Wy and factor it into a set of small, sparse matrices
corresponding to each factor of V.

We’ll denote the components of matrices using either subscripts or function notation,

M;; = M(1, ) (55)



with (C-like) indices running from 0 to N — 1. Matrix products will be denoted using square
brackets,

[ABij =) AuxBy; (56)

Three special matrices will be needed in the mixed-radix factorization of the DFT: the identity
matrix, I, a permutation matrix, P and a matrix of twiddle factors, D, as well as the normal DFT
matrices W,.
We write the identity matrix of order r as I,.(n, m),
for0<nm<r-—1.
We also need to define a permutation matrix P that performs digit reversal of the ordering of
a vector. If the index of a vector j = 0... N — 1 is factorized into j = la+m, with 0 <[ <b—1
and 0 < m < a—1 then the operation of the matrix P will exchange positions la+m and mb+1 in
the vector (this sort of digit-reversal is the generalization of bit-reversal to a number system with
exponents a and b).
In mathematical terms P is a square matrix of size ab x ab with the property,
P, k) = lifj=ra+sand k=sb+r (58)
= 0 otherwise (59)
Finally the FFT algorithm needs a matrix of twiddle factors, Dj, for the trigonometric sums.
Dy is a diagonal square matrix of size ab x ab with the definition,
Dy, k) = wyhifj=k=sb+r (60)
= 0 otherwise (61)

where w,, = e 2m/ab,

5.1 The Kronecker Product

The Kronecker matrix product plays an important role in all the algorithms for combining operations
on different subspaces. The Kronecker product A ® B of two square matrices A and B, of sizes
a X a and b x b respectively, is a square matrix of size ab x ab, defined as,

[A® B](tb+ u,rb+ s) = A(t,r)B(u, s) (62)

where 0 < u,s < band 0 < t¢,7r < a. Let’s examine a specific example. If we take a 2 x 2 matrix
and a 3 X 3 matrix,

4y an bir bz i3
A= ( Qo1 G2 ) B = bgl b22 b23 (63)
b1 b32 b33
then the Kronecker product A ® B is,
_ CLHB a12B
A®B = < aioB  axB ) (64)

aibin  anbiz anibiz apbin apbia aigbis
a11bar  ai1bay  a11baz  aiobar  aiaboy  ai2ba3
_ ainbsr anbsy aibss aiobsr  aiabss  ai2bss (65)
ag1bi1  agbia agbiz agbin  axbia  axnbis
ag1ba1  agibaa  agibaz  agobar  Gebao  G22ba3
ao1bz1  ap1b3a 2133 agobzr  agabsy  ag9bss



When the Kronecker product A® B acts on a vector of length ab, each matrix operates on a different
subspace of the vector. Writing the index ¢ as i =tb+u, with 0 <u <b—1and 0 <t < a, we can
see this explicitly by looking at components,

a—1 b—1
[(A & B)U](tb-f-u) = Z Z [A & B](tb-}-u,t’b—f—u’)vt’b-f-u’ (66)
t'=0u'=0
= > AwBuuwvpbiw (67)
t'u’

The matrix B operates on the “index” ', for all values of ¢/, and the matrix A operates on the “in-
dex” t', for all values of u'. The most important property needed for deriving the FFT factorization
is that the matrix product of two Kronecker products is the Kronecker product of the two matrix
products,

(A® B)(C ® D) = (AC ® BD) (68)

This follows straightforwardly from the original definition of the Kronecker product.

5.2 Two factor case, N = ab

First consider the simplest possibility, where the data length N can be divided into two factors,
N = ab. The aim is to reduce the DFT matrix Wy into simpler matrices corresponding to each
factor. To make the derivation easier we will start from the known factorization and verify it (the
initial factorization can be guessed by generalizing from simple cases). Here is the factorization we
are going to prove,

Way = Wy ® I,) Py Dy (W, ® I). (69)
We can check it by expanding the product into components,
(W @ 1) P Dy (W, @ I)|(la + m,7b + s) (70)
b—1a—1
= > YW, ® L)](la + m,ua + t)[Py Di(W, ® I)](ua + t,7b + s) (71)
u=0 t=0

where we have split the indices to match the Kronecker product 0 < m,r < a, 0 <[,s < b. The
first term in the sum can easily be reduced to its component form,

(W, ® L)|(la +myua+1t) = Wy(l,u)l,(m,1) (72)
= w,l,uémt (73)
The second term is more complicated. We can expand the Kronecker product like this,
Wo® L) (thb+u,rb+s) = W,(t,r)I,(u,s) (74)
= w8y (75)
and use this term to build up the product, P*D¢(W, ® I,). We first multiply by Dy,
[DE(W, @ I)](th + u, b+ 5) = wiwi g, (76)

and then apply the permutation matrix, P, which digit-reverses the ordering of the first index, to
obtain,

[PEDE(W, ® I)](ua + t,7b + 5) = wwi 6, (77)

a



Combining the two terms in the matrix product we can obtain the full expansion in terms of the
exponential w,

b—1a—1
(W, @ L)PyDy(W, @ I)|(la+ m,rb+s) = > > wiSmuwisw 6, (78)
u=0 t=0

If we evaluate this sum explicitly we can make the connection between the product involving W,
and W, (above) and the expansion of the full DFT matrix W,

b—1a-1
Z Z w,l)”5mtw§,fw355u = w,l,sw;’},sw;m (79)
u=0 t=0
le)sql—msql—bmr (80)
= wgll,”m””m"wflg“” using wg,l,’ =1 (81)
— w((llba—l—m)(rb—l—s) (82)
Wap(la +m,rb + s) (83)

The final line shows that matrix product given above is identical to the full two-factor DFT matrix,
Wap. Thus the full DE'T matrix Wy, for two factors a, b can be broken down into a product of sub-
transforms, W, and W,, plus permutations, P, and twiddle factors, D, according to the formula,

Way = Wy ® I,) Py Dy (W, ® I). (84)

This relation is the foundation of the general-N mixed-radix FFT algorithm.

5.3 Three factor case, N = abc

The result for the two-factor expansion can easily be generalized to three factors. We first consider
abc as being a product of two factors a and (bc), and then further expand the product (bc) into b
and c. The first step of the expansion looks like this,

Wape = Wa(bc) (85)
= (Wbc ® Ia)PI;chgc(Wa ® Ibc)- (86)

And after using the two-factor result to expand out W,. we obtain the factorization of Wy,

Wae = (We® L)PPD)(W, ® 1)) ® I,) PEDE (W, ® Iy.) (87)
= (W, ®I)(P°D’® I,)(Wy ® I.)PLDL (W, ® I.) (88)

We can write this factorization in a product form, with one term for each factor,
Wabc == T3T2T1 (89)
where we read off 177, T5 and T3,

T\ = PyDy,(W,® L) (90)
T, = (Pé)Dz@Ia)(Wb@)IaC) (91)
3 = (Wc ® Iab) (92)



5.4 General case, N = f1fs... fn,

If we continue the procedure that we have used for two- and three-factors then a general pattern
begins to emerge in the factorization of Wy, Foedn, To see the beginning of the pattern we can
rewrite the three factor case as,

Ty = (PpDp® 1) (W, ® I) (93)

T, = (P!D)® L)(W,® I,) (94)

Ty = (P{D§® Iap)(We ® Ip) (95)
using the special cases Pf = D{ = I.. In general, we can write the factorization of Wy for
N = f1f2---fn, as,

WN = Tnf . T2T1 (96)

where the matrix factors 7T; are,
T = (Pq{ZD({: ® 1 i—l)(Wfi & Iml) (97)

We have defined the following three additional variables p, ¢ and m to denote different partial
products of the factors,

pi = fifo-oifi (Po=1) (98)
¢ = N/pi (99)
m; = NJ/f; (100)

Note that the FFT modules W are applied before the permutations P, which makes this a decimation-
in-frequency algorithm.

5.5 Implementation

Now to the implementation of the algorithm. We start with a vector of data, z, as input and want
to apply the transform,

x = Wyz (101)

where T; = (P/iDli @ I,,_)(Wy, ® I,,).
The outer structure of the implementation will be a loop over the ny factors, applying each
matrix 7} to the vector in turn to build up the complete transform.
for (i=1...ns) do
v<=Tw
end for

The order of the factors is not important. Now we examine the iteration v <= T;v, which we’ll write
as,

v' = (PiDl® I, ) (W, ® Ly, )v (103)



There are two Kronecker product matrices in this iteration. The rightmost matrix, which is the
first to be applied, is a DFT of length f; applied to N/ f; subsets of the data. We’ll call this ¢, since
it will be a temporary array,

t= (W}, @ In,)v (104)

The second matrix applies a permutation and the exponential twiddle-factors. We’ll call this v,
since it is the result of the full iteration on v,

o' = (PIDI @ I,,_,)t (105)

The effect of the matrix (Wy, @ I,,;) is best seen by an example. Suppose the factor is f; = 3,
and the length of the FFT is N = 6, then the relevant Kronecker product is,

t=(Ws® L) (106)

which expands out to,

t() Wg(l,l) 0 W3(1,2) 0 W3(1,3) 0 Vo
tl 0 W3(1, 1) 0 W3(1,2) 0 W3(1,3) U1
tz . W3(2, 1) 0 W3(2, 2) 0 W3(2, 3) 0 (%) (107)
t3 N 0 W3(2, 1) 0 W3 (2, 2) 0 W3(2, 3) (%]
t4 W3 (3, 1) 0 W3(3, 2) 0 W3(3, 3) 0 V4
ts 0 W3(3, 1) 0 W3 (3, 2) 0 W3(3, 3) Vs
We can rearrange the components in a computationally convenient form,
to Wg(l,l) W3(1,2) W3(1,3) 0 0 0 Vo
ts W3(2,1) Ws(2,2) Wi(2,3) 0 0 0 Vs
ts | _ | Ws(3,1) Wa(3,2) Ws(3,3) 0 0 0 U4 (108)
tl - 0 0 0 Wg(l,l) W3(1,2) W3(1,3) V1
t3 0 0 0 W3 (2, 1) W3(2, 2) W3(2, 3) V3
t5 0 0 0 W3 (3, 1) W3(3, 2) W3(3, 3) Vs

which clearly shows that we just need to apply the 3x3 DFT matrix W3 twice, once to the sub-vector
of elements (vg, v2, v4), and independently to the remaining sub-vector (vy, vs, vs).

In the general case, if we index ¢ as ¢y = t(A, t) = tymy, then A=0... f — 1 is an index within
each transform of length f and © = 0...m — 1 labels the independent subsets of data. We can see
this by showing the calculation with all indices present,

t=(W;®I,)z (109)
becomes,
f—1m-1
Dmtp = Z Z Wy ® Im)(/\m+u)(/\’m+u’)z>\’m+u (110)
N=0 ' =0
= Z(Wf))\)\’é;m’z)\’m—ku’ (111)
Ny
= Z(Wf))\)\’z)\’m-f—u (112)
AI

The DFTs on the index A will be computed using special optimized modules for each f.



To calculate the next stage,
v'= (P/DI®I,_,)t (113)
we note that the Kronecker product has the property of performing p;_; independent multiplications
of PD on g; ; different subsets of ¢. The index p of ¢(\, u) which runs from 0 to m will include

q; copies of each PD operation because m = p; 14. i.e. we can split the index p further into
uw=ap; 1+b, wherea=0...q—1land b=0...p; 1,

Am+p = Am+api—1+0b (114)
= (A¢+a)pi_1 +b. (115)
Now we can expand the second stage,
— Inf
v' = (P/Di®I@, )t (116)
U:\m-l—u = Z(quDg ® Ipi—1)()\m+u)(>\'Tn+u’)t)\’m+u’ (117)
!
UZ)\q—}—a)pi_l—kb = /\IZ,I)’(quDz{ ® i—1)((/\Q+a)Pi—1+b)((>\’Q+a’)p¢—1+b’)t(z\’q+a’)pi—1+b’ (118)

The first step in removing redundant indices is to take advantage of the identity matrix I and
separate the subspaces of the Kronecker product,

(quDr{ ® 1 ¢—1)((/\q+a)m71+b)((f\’q+a’)m71+b’) = (PJD(J;)(Aq+u)()\’q+a’)(5bb' (119)
This eliminates one sum, leaving us with,
Vingrapisto = 2 (Pf DY) ara) v ara) Evgaryps 1+ (120)
Na’

We can insert the definition of Dg to give,

=2 (P)) oara) (o) Wa, " E v ypir b (121)

Na/
Using the definition of qu , which exchanges an index of A\q + a with af + A\, we get a final result
with no matrix multiplication,
Vlaf+\pi1-+b = o tOg+a)pioi +b (122)
All we have to do is premultiply each element of the temporary vector ¢ by an exponential twiddle
factor and store the result in another index location, according to the digit reversal permutation of
P.
Here is the algorithm to implement the mixed-radix FFT,
fori=1...nydo
fora=0...q—1do
for b=0...p;_1 —1do
for A\=0...f—1do
th < Ef\c,_:lo WA, X)Upsxmtap;_, {DFT matrix-multiply module}
end for
for \=0...f—-1do
Viaf+api 1+ < Wat tr
end for
end for
end for
v<=
end for



5.6 Details of the implementation

First the function gs1 fft_complex wavetable alloc allocates n elements of scratch space (to hold
the vector v’ for each iteration) and n elements for a trigonometric lookup table of twiddle factors.
Then the length n must be factorized. There is a general factorization function gsl_fft_factorize
which takes a list of preferred factors. It first factors out the preferred factors and then removes
general remaining prime factors.
The algorithm used to generate the trigonometric lookup table is

fora=1...nydo
forb=1...f;—1do
forc=1...¢; do
triglk++] = exp(—2mibcp,—1/N)
end for
end for
end for

Note that |7 f"_l Y% = ¥ (fi —1)¢; = n — 1 so n elements are always sufficient to store the
lookup table. ThlS is chosen because we need to compute wq @ty in the FFT. In terms of the lookup
table we can write this as,

q, by = exp(—2mida/qi1)tx (123)
= exp(—2midap;_1/N)ty (124)
_ t,\ a=20
- { trig[twiddle[i] + Ag + (e — 1)]tx a #0 (125)

The array twiddle[i] maintains a set of pointers into trig for the starting points for the
outer loop. The core of the implementation is gsl fft_complex. This function loops over
the chosen factors of N, computing the iteration v' = T;v for each pass. When the DFT
for a factor is implemented the iteration is handed-off to a dedicated small-N module, such as
gsl_fft_complex_pass_3 or gsl fft_complex_pass_5. Unimplemented factors are handled by the
general- N routine gs1_fft_complex_pass_n. The structure of one of the small-N modules is a simple
transcription of the basic algorithm given above. Here is an example for gs1_fft_complex_pass_3.
For a pass with a factor of 3 we have to calculate the following expression,

! )\a AN
Y(af+N)pi—1+b = Z Wy W3 Ub+ N m+ap;—1 (126)
=0,1,2

forb=0...p;.1—1,a=0...¢;—1and A =0, 1,2. This is implemented as,

fora=0...q—1do
forb—O ..pi—1 — 1 do
W:? W?? W?? Ub+ap;_1
=| Wy wy wp Ubt-api—1+m

W30 W32 W34 Vb+ap;_14+2m
Uap,—l—b
api+b+pi e b
v(llpi+b+2pi—1 = qia—1t2
end for

end for



In the code we use the variables from0, from1, from2 to index the input locations,

from0 = b + ap;—1 (127)
fromli = b+api_1+m (128)
from2 = b+ap; 1+ 2m (129)

and the variables to0, to1, to2 to index the output locations in the scratch vector v,

to0 = b+ap; (130)
tol = b+ap; +pi1 (131)
to2 = b+ap; +2p; 1 (132)

The DFT matrix multiplication is computed using the optimized sub-transform modules given in
the next section. The twiddle factors wy | are taken out of the trig array.

To compute the inverse transform we go back to the definition of the fourier transform and note
that the inverse matrix is just the complex conjugate of the forward matrix (with a factor of 1/N),

Wyt=Wk/N (133)

Therefore we can easily compute the inverse transform by conjugating all the complex elements of
the DFT matrices and twiddle factors that we apply. (An alternative strategy is to conjugate the
input data, take a forward transform, and then conjugate the output data).

6 Fast Sub-transform Modules

To implement the mixed-radix FFT we still need to compute the small-N DFTs for each factor.
Fortunately many highly-optimized small-/N modules are available, following the work of Winograd
who showed how to derive efficient small-N sub-transforms by number theoretic techniques.

The algorithms in this section all compute,

N—-1
Ta= Y Witz (134)
b=0

The sub-transforms given here are the ones recommended by Temperton and differ slightly from the
canonical Winograd modules. According to Temperton [19] they are slightly more robust against
rounding errors and trade off some additions for multiplications. For the N =2 DFT,

To =29+ 21, Ti=2y— 21- (135)
For the N = 3 DFT,

t1 =21+ 29, to=20—t1/2, t3=sin(n/3)(z1 — 22), (136)

To =20 +t1, T1 =1ty +ils, Ty =1y — ils. (137)
The N = 4 transform involves only additions and subtractions,

tir=20+ 29, to=21+23, t3=20— 22, t4=21 — 23, (138)

g = tl + tz, I = t3 + it4, T9 = tl — tg, T3 = t3 — ’it4. (139)



For the N =5 DFT,

tl =z +Z4,

tg = ZQ+23,

t3 = 21 — 24,

ty = 29 — 23,

ts =t1 +to, te = (VB/4)(t1 —t2), tr =2 —ts5/4,

tg =t7 +1g, to =17 — g,

tl() = sin(27r/5)t3 —+ sin(27r/10)t4, t11 = sm(27r/10)t3 — sin(27r/5)t4,

To = %o + t5,
xr1 = tg + ’L'tl(),

3 =ty — 111,

T9 = tg + itn,

Ty = ts — ’itlo.

140
141

142

144

(140)
(141)
(142)
(143)
(144)
(145)
(146)

146

The DFT matrix for N = 6 can be written as a combination of N = 3 and N = 2 transforms with

index permutations,

Lo <0
T4 W3 W3 z9
Z2 . 24
C1?—3 B z3
T W3 — W3 z5
Ts Z1

(147)

This simplification is an example of the Prime Factor Algorithm, which can be used because the
factors 2 and 3 are mutually prime. For more details consult one of the books on number theory for
FFTs [6, 7]. We can take advantage of the simple indexing scheme of the PFA to write the N =6

DFT as,

tl = 29+ 24, tz = Zy — t1/2, t3 = sin(7r/3)(22 — 24),

t4 = Z5 -+ 21, t5 = Z3 — t4/2, t6 = sin(7r/3)(z5 — Zl),

t7 =20 + tl,
t1g = 23 + 14,
To = t7 + tio,

T3 = t7 — to,

T = tg — l11,

tg = t2 + it3,
tll - t5 + itﬁ,
Ty =tg + 111,

tg == t2 - ’it3,

tig = t5 — its,

To = tg + t12,

T5 = tg — l12.
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For any remaining general factors we use Singleton’s efficient method for computing a DFT [20].
Although it is an O(N?) algorithm it does reduce the number of multiplications by a factor of 4
compared with a naive evaluation of the DFT. If we look at the general stucture of a DFT matrix,
shown schematically below,

ho
hy
hey

hn_o
hn -1

1
1
1

1
w
w

1
w
w

1
w
w

1
w
w

90
g1
92

gnN—2

gN-1

(154)



we see that the outer elements of the DF'T matrix are all unity. We can remove these trivial multipli-
cations but we will still be left with an (N —1) x (N —1) sub-matrix of complex entries, which would
appear to require (N — 1)? complex multiplications. Singleton’s method, uses symmetries of the
DFT matrix to convert the complex multiplications to an equivalent number of real multiplications.
We start with the definition of the DFT in component form,
ak +iby = D _(z; + 1y;)(cos(2mjk/ f) — isin(2mjk/ f)) (155)
§=0
The zeroth component can be computed using only additions,
(f=1)
ap + ibo = Z Z; + iyj (156)
§=0
We can rewrite the remaining components as,

(F=1)/2
ar +iby =zo+iye + >, (x;+xp—j)cos(2mik/f) + (y; — ys—;) sin(27ik/ f) (157)
7j=1
(F-1)/2
+i Y (Y5 +yrg) cos(2mik/ f) — (zj — xp_;) sin(2mjk/ f) (158)
j=1
by using the following trigonometric identities,
cos(2n(f —j)k/f) =  cos(2mjk/f) (159)
sin(2n(f —j)k/f) = —sin(2mjk/[) (160)
These remaining components can all be computed using four partial sums,
a +ib, = (a,‘f - 0,1;) + Z(b,—: + b,:) (161)
af_k + ’ibf_k = (a,f + a,;) + Z(b;: — b,;) (162)
for k=1,2,...,(f —1)/2, where,
(f-1)/2
af = mo+ Y, (xj+xs-;)cos(2mik/f) (163)
j=1
(F-1)/2
ap = — Y (y;—ys;)sin(2mjk/f) (164)
j=1
(F=1)/2
bi = yot+ D (yj+ysr)cos(2mjk/f) (165)
7j=1
(f-1)/2
by = = Y. (zj— s )sin(2mjk/f) (166)
j=1

Note that the higher components &' = f — k can be obtained directly without further computation
once a®, a”, b* and b~ are known. There are 4 x (f —1)/2 different sums, each involving (f —1)/2
real multiplications, giving a total of (f — 1)? real multiplications instead of (f — 1)? complex
multiplications.

To implement Singleton’s method we make use of the input and output vectors v and v’ as
scratch space, copying data back and forth between them to obtain the final result. First we use
v’ to store the terms of the symmetrized and anti-symmetrized vectors of the form x; + z;_; and
xj —Ys—;- Then we multiply these by the appropriate trigonometric factors to compute the partial
sums at, a”, b" and b~, storing the results ay + iby and ay_y +ibs_j back in v. Finally we multiply
the DFT output by any necessary twiddle factors and place the results in v'.



7 FFTs for real data

This section is based on the articles Fast Mized-Radix Real Fourier Transforms by Clive Temper-
ton [21] and Real-Valued Fast Fourier Transform Algorithms by Sorensen, Jones, Heideman and
Burrus [22]. The DFT of a real sequence has a special symmetry, called a conjugate-complez or
half-complex symmetry,

h(a) = h(N — a)* (167)

The element A(0) is real, and when N is even h(N/2) is also real. It is straightforward to prove the
symmetry,

168
169
170
171

h(a) = > Wig(b)
WN—a) = Wy g(b)
= ZWNNbW b Wy =1
= 2w

Real-valued data is very common in practice (perhaps more common that complex data) so it is
worth having efficient FFT routines for real data. In principle an FFT for real data should need
half the operations of an FFT on the equivalent complex data (where the imaginary parts are set
to zero). There are two different strategies for computing FFTs of real-valued data:

One strategy is to “pack” the real data (of length N) into a complex array (of length N/2) by
index transformations. A complex FFT routine can then be used to compute the transform of that
array. By further index transformations the result can actually by “unpacked” to the FFT of the
original real data. It is also possible to do two real FFTs simultaneously by packing one in the
real part and the other in the imaginary part of the complex array. These techniques have some
disadvantages. The packing and unpacking procedures always add O(N) operations, and packing a
real array of length N into a complex array of length N/2 is only possible if N is even. In addition,
if two unconnected datasets with very different magnitudes are packed together in the same FFT
there could be “cross-talk” between them due to a loss of precision.

A more straightforward strategy is to start with an FFT algorithm, such as the complex mixed-
radix algorithm, and prune out all the operations involving the zero imaginary parts of the initial
data. The FFT is linear so the imaginary part of the data can be decoupled from the real part.
This procedure leads to a dedicated FF'T for real-valued data which works for any length and does
not perform any unnecessary operations. It also allows us to derive a corresponding inverse FFT
routine which transforms a half-complex sequence back into real data.

(168)
(169)
(170)
(171)

7.1 Radix-2 FFTs for real data

Before embarking on the full mixed-radix real FF'T we’ll start with the radix-2 case. It contains all
the essential features of the general-N algorithm. To make it easier to see the analogy between the
two we will use the mixed-radix notation to describe the factors. The factors are all 2,

f1:2:f2:25"-afnf:2 (172)
and the products p; are powers of 2,

po = 1 (173)
p= fi=2 (174)



p2 = fife=4 (175)
e = (176)
pi = fifee fi=2 (177)
Using this notation we can rewrite the radix-2 decimation-in-time algorithm as,
bit-reverse ordering of g
fori=1...ndo
fora=0...pi-1 —1do
forb=0...¢,—1do
( g9(bp; + a) ) _ ( g(bpi + a) + Weg(bpi + pi-1 + a) )
g(bpi+pi1+a) )\ glbpi+a) — Wig(bps + pi 1 + a)
end for
end for
end for

where we have used p; = 2A, and factored 2A out of the original definition of b (b — bp;).

If we go back to the original recurrence relations we can see how to write the intermediate results
in a way which make the real/half-complex symmetries explicit at each step. The first pass is just
a set of FFTs of length-2 on real values,

1 ([bob1b2aq)) Z Wb g([bobrbabs)) (178)

Using the symmetry FFT( )k = FFT(x)%_, we have the reality condition,

gl([bobleO]) = real (179)
91([bobibo1]) = real (180)
In the next pass we have a set of length-4 FF'Ts on the original data,
ga([bobibrac]) = 30 DWW g([bobibabs]) (181)
by b3
= S S wire g ([bgbibyby]) (182)
by b3

This time symmetry gives us the following conditions on the transformed data,

92([bob100]) = real (183)
92([bob101]) = z+1y (184)
92([bob110]) = real’ (185)
92([bobi11]) = = — iy (186)

We can see a pattern emerging here: the i-th pass computes a set of independent length-2! FFTs
on the original real data,

pi—1

gi(bp; + a) = ZW““ (bp; +a') forb=0...¢q;—1 (187)

As a consequence the we can apply the symmetry for an FFT of real data to all the intermediate
results — not just the final result. In general after the i-th pass we will have the symmetry,

gi(bp;) = real (188)
gi(bp; +a) = gi(bpi +p; —a)* a=1...p;/2-1 (189)
9i(bp; + p;/2) = real’ (190)



In the next section we’ll show that this is a general property of decimation-in-time algorithms.
The same is not true for the decimation-in-frequency algorithm, which does not have any simple
symmetries in the intermediate results.

Since we can obtain the values of g;(bp; +a) for a > p;/2 from the values for a < p;/2 we can cut
our computation and storage in half compared with the full-complex case. We can easily rewrite
the algorithm to show how the computation can be halved, simply by limiting all terms to involve
only values for a < p;/2. Whenever we encounter a term g;(bp; + a) with a > p;/2 we rewrite it in
terms of its complex symmetry partner, g;(bp; + a')*, where o' = p; — a. The butterfly computes
two values for each value of a, bp; + a and bp; + p;—1 — a, so we actually only need to compute from
a =0 to p;—1/2. This gives the following algorithm,

fora=0...p;_1/2 do
forb=0...¢; —1do
( g(bp; + a) ) _ ( g(bp; +a) + Wy g(bp; +pi1 + a) )
g(bpi +pi-i —a)* |\ g(bpi +a) — Wy, g(bpi + pi-1 + a)
end for
end for

Although we have halved the number of operations we also need a storage arrangement which will
halve the memory requirement. The algorithm above is still formulated in terms of a complex array
g, but the input to our routine will naturally be an array of N real values which we want to use
in-place.

Therefore we need a storage scheme which lays out the real and imaginary parts within the real
array, in a natural way so that there is no need for complicated index calculations. In the radix-2
algorithm we do not have any additional scratch space. The storage scheme has to be designed to
accommodate the in-place calculation taking account of dual node pairs.

Here is a scheme which takes these restrictions into account: On the i-th pass we store the real
part of g(bp; + @) in location bp; + a. We store the imaginary part in location bp; + p; — a. This is
the redundant location which corresponds to the conjugate term g(bp; + a)* = g(bp; + p; — a), so it
is not needed. When the results are purely real (as in the case a = 0 and a = p;/2 we store only
the real part and drop the zero imaginary part).

This storage scheme has to work in-place, because the radix-2 routines should not use any
scratch space. We will now check the in-place property for each butterfly. A crucial point is that
the scheme is pass-dependent. Namely, when we are computing the result for pass ¢ we are reading
the results of pass i — 1, and we must access them using the scheme from the previous pass, i.e. we
have to remember that the results from the previous pass were stored using bp; | + a, not bp; + a,
and the symmetry for these results will be g; 1(bp; 1+ a) = g; 1(bp; 1 + p; 1 — a)*. To take this
into account we’ll write the right hand side of the iteration, g; i, in terms of p; ;. For example,
instead of bp;, which occurs naturally in g;(bp; + a) we will use 2bp;_1, since p; = 2p;_;.

Let’s start with the butterfly for a = 0,

( 9(bp;) ) B ( 9(2bpi—1) + g((2b + 1)pi—1) ) (191)

g(bpi +pic1)* )\ g(2bpi—1) — 9((2b+ 1)pi—1)

By the symmetry g;—1(bpi—1 + @) = gi—1(bpi—1 + pi—1 — a)* all the inputs are purely real. The input
9(2bp;_1) is read from location 2bp; ; and g((2b + 1)p; 1) is read from the location (2b+ 1)p; ;.
Here is the full breakdown,



Term Location

g(2bp; 1) real part  2bp; = bp;
imag part —
g((2b+ 1)p;_1) | real part  (2b+ 1)p;i_1 = bp; + i1

imag part —

g(bp;) real part  bp;

imag part —

g(bpi + pi—1) | real part  bp;, + pi_y

imag part —

The conjugation of the output term g(bp; + p;_1)* is irrelevant here since the results are purely real.
The real results are stored in locations bp; and bp; + p;—1, which overwrites the inputs in-place.
The general butterfly for a = 1...p;_1/2 — 1 is,

9(bpi + a) _( 9(2bpic1 +a) + WEg((2b+ 1)piy +a)
( 9(bpi + pi-1 — @) ) B ( 9(2bpi_1 +a) — Weg((2b+ 1)p;_1 + a) ) (192)

All the terms are complex. To store a conjugated term like g(b'p; + a’)* where a > p;/2 we take the
real part and store it in location &'p; + ' and then take imaginary part, negate it, and store the
result in location b'p; + p; — d'.

Here is the full breakdown of the inputs and outputs from the butterfly,

Term Location
9(2bp;_1 + a) real part  2bp;_1 +a =bp; +a

imag part 2bp;_1 +pi1 —a =bpi +pi-1 —a
9((2b+ 1)pi-1 +a) | real part ~ (2b+ 1)pi-1 +a =bpi+pi-1+a

imag part (20+1)p; 1+pi1—a =bp;+pi—a

g(bp; + a) real part  bp; +a
imag part bp; +p; —a
g(bpi + pi—1 — a) real part  bp; +pi—1 —a

imag part bp;+p;_1+a

By comparing the input locations and output locations we can see that the calculation is done in
place.
The final butterfly for a = p; 1/2 is,

( g(bpi + pi—1/2) ) _ ( 9(2bp;—1 + pi—1/2) —ig((2b+ 1)pi—1 + pi—1/2) ) (193)
g(bp; + pi—1 — pi—1/2)" 9(2bpi—1 + pi—1/2) +ig((2b+ 1)pi—1 + pi—1/2)



where we have substituted for the twiddle factor, W, = —i,

Wei-1/2 = exp(—2mip;_1/2p;) (194)
= exp(—2mi/4) (195)
= — (196)

For this butterfly the second line is just the conjugate of the first, because p;_1 — p;_1/2 = p;_1/2.
Therefore we only need to consider the first line. The breakdown of the inputs and outputs is,

Term Location

9(2bps—1 + pi_1/2) real part  2bp; 1+ p; 1/2 = bpi +pi 1/2
imag part —

9((2b+ 1)pi_1 +pi—1/2) | real part (204 1)pi—1 +pi—1/2 = bpi + pi — Pi—1/2
imag part —

9(bp; + pi-1/2) real part  bp; + pi—1/2
imag part  bp; + p; — pi—1/2

By comparing the locations of the inputs and outputs with the operations in the butterfly we
find that this computation is very simple: the effect of the butterfly is to negate the location
bp; + pi — p;_1/2 and leave other locations unchanged. This is clearly an in-place operation.

Here is the radix-2 algorithm for real data, in full, with the cases of a =0, a=1...p; 1/2 -1
and a = p;_1/2 in separate blocks,

bit-reverse ordering of g
fori=1...ndo
for b=0...¢q;,—1do
( g(bp;) ) - ( 9(bp:) + g(bpi + pi-1) )
g(bpi + pi—1) 9(bpi) — g(bp; + pi-1)
end for
fora=1...p;_1/2—1do
forb=0...¢,—1do
(Re 20, Im 2g) <= (g(bp; + a), g(bp; + pi 1 — a))
(Rezi,Im 2;) <= (9(bp; + pi—1 + a), g(bp; + p; — a))
ty <= 29 + W;izl
11 < 29 — Wp“izl
(9(bp; + a), g(bp; + p; — a) <= (Rety, Im )
(9(bpi + pi—1 — a), g(bp; + pi—1 + a)) <= (Rety, —Imt)
end for
end for
forb=0...¢;—1do
9(bpi — pi—1/2) <= —g(bpi — pi-1/2)
end for
end for

We split the loop over a into three parts, a =0, a =1...p;_1/2 — 1 and a = p;_1/2 for efficiency.
When a =0 we have W =1 so we can eliminate a complex multiplication within the loop over b.
When a = p; 1/2 we have W, = —i which does not require a full complex multiplication either.



7.1.1 Calculating the Inverse

The inverse FF'T of complex data was easy to calculate, simply by taking the complex conjugate of
the DFT matrix. The input data and output data were both complex and did not have any special
symmetry. For real data the inverse FF'T is more complicated because the half-complex symmetry
of the transformed data is different from the purely real input data.

We can compute an inverse by stepping backwards through the forward transform. To simplify
the inversion it’s convenient to write the forward algorithm with the butterfly in matrix form,

for:=1...ndo
fora=0...p;_1/2do
forb=0...¢,—1do
( 9(bpi + a) > _ ( LWy ) < 9(2bp;—1 + a) )
gbpi +pici+a) )\ 1 -Wp g((2b+ 1)p;_1 + a)
end for

end for
end for

To invert the algorithm we run the iterations backwards and invert the matrix multiplication in the
innermost loop,
fori=n...1do

fora=0...p;_1/2 do
forb=0...¢,—1do

(o )= (0 38) (o)

end for
end for
end for

There is no need to reverse the loops over a and b because the result is independent of their order.
The inverse of the matrix that appears is,

~1
1 we ) 1 ( 1 1 )
pla =5 — — (197)
( 1 _Wpi 2 Wma _Wma
To save divisions we remove the factor of 1/2 inside the loop. This computes the unnormalized

inverse, and the normalized inverse can be retrieved by dividing the final result by N = 2".
Here is the radix-2 half-complex to real inverse FFT algorithm, taking into account the radix-2

storage scheme,



fori=n...1do
forb=0...¢;—1do
( 9(bp;) ) - ( 9(bpi) + g(bpi + pi—1) )
9(bp; + pi-1) 9(bpi) — g(bpi + pi-1)
end for
fora=1...p;_1/2—1do
forb=0...¢q;—1do
(Re zg,Im zg) <= (g(bp; + a), g(bp; + p; — a))
(Rez1,Im z1) <= (g(bp; + pi—1 — a), —g(bp; + pi_1 + a))
to <= 20+ 21
tl <=2y — 21
(9(bp; + @), g(bp; + pi—1 — a)) <= (Retp, Im )
(9(bpi + pi-1 + a), g(bpi + pi — a)) <= (Re(Wt1), Im(W}t1))
end for
end for
forb=0...¢;—1do
9(bp; + pi—1/2) <= 29(bp; + pi—1/2)
9(bp; + pi—1 + pi-1/2) <= —29(bpi + pi—1 + pi—1/2)
end for
end for
bit-reverse ordering of g

7.2 Mixed-Radix FFTs for real data

As discussed earlier the radix-2 decimation-in-time algorithm had the special property that its
intermediate passes are interleaved fourier transforms of the original data, and this generalizes
to the mixed-radix algorithm. The complex mixed-radix algorithm that we derived earlier was a
decimation-in-frequency algorithm, but we can obtain a decimation-in-time version by taking the
transpose of the decimation-in-frequency DFT matrix like this,

Wy = Wy (198)
(T, ... TyTy)" (199)
= T'Ty ... Ty, (200)
with,
T = ((PfDE®I, )W), ®1.)) (201)
= (W, ® In,)(DE(PI" ® I,_,). (202)
We have used the fact that W, D and [ are symmetric and that the permutation matrix P obeys,
(PHT = PP (203)

From the definitions of D and P we can derive the following identity,
Dy{P’ = P'D". (204)
This allows us to put the transpose into a simple form,

T = (W, ® L) (PEDE @ I, ). (205)



The transposed matrix, 77 applies the digit-reversal P before the DFT W, giving the required
decimation-in-time algorithm. The transpose reverses the order of the factors — T, is applied
first and T3 is applied last. For convenience we can reverse the order of the factors, fi <> fu,,
f2 > fn;-1, - .. and make the corresponding substitution p;_; <> g;. These substitutions give us a

decimation-in-time algorithm with the same ordering as the decimation-in-frequency algorithm,
T = (W, ® Iy, ) (P; ' D' @ 1) (207)

where p;, ¢; and m; now have the same meanings as before, namely,

pi = fifo-oifi (Po=1) (208)
¢ = N/pi (209)
m; = NJ/f; (210)

Now we would like to prove that the iteration for computing x = Wz =T, ;- - - 12Tz has the special
property interleaving property. If we write the result of each intermediate pass as v(®,

@ = 2
WV = T
2@ = Tp®

[N}
—_
[N

A~ N N /N /N
DN DN
—_

- W
~— N N N N

[N}
—_
ot

then we will show that the intermediate results v(® on any pass can be written as,
v = (Wpi ® I 1)'2 (216)

Each intermediate stage will be a set of ¢; interleaved fourier transforms, each of length p;. We can
prove this result by induction. First we assume that the result is true for v,

o0 = (W,,_, ®I,_ )z (assumption) (217)

And then we examine the next iteration using this assumption,

v = Tpl-Y (218)
= E(Wpi—1®li—l)z (219)
= Wy, ® Ly, ) (P} DY @ L)) Wy, @ Iy, )2 (220)

Using the relation m; = p;_.q;, we can write I, as I, 4, and I, | as Iy,. By combining these
with the basic matrix identity,

Iyp=1,® I, (221)
we can rewrite v(®) in the following form,

o0 = (W), ® L, (P D) (W), ©11)) © I,)z. (222
The first part of this matrix product is the two-factor expansion of Wy, for a = p;_; and b = f;,

Wpiflfi = ((Wf’L ® I, i71)(P}D:_1D?Z_1)(WP¢71 ® Ifi))' (223)



If we substitute this result, remembering that p; = p; 1f;, we obtain,
v = (W, ® I,)z (224)

which is the desired result. The case ¢ = 1 can be verified explicitly, and induction then shows that
the result is true for all 7. As discussed for the radix-2 algorithm this result is important because if
the initial data z is real then each intermediate pass is a set of interleaved fourier transforms of z,
having half-complex symmetries (appropriately applied in the subspaces of the Kronecker product).
Consequently only N real numbers are needed to store the intermediate and final results.

7.3 Implementation

The implementation of the mixed-radix real FFT algorithm follows the same principles as the full
complex transform. Some of the steps are applied in the opposite order because we are dealing with
a decimation in time algorithm instead of a decimation in frequency algorithm, but the basic outer
structure of the algorithm is the same. We want to apply the factorized version of the DFT matrix
Wy to the input vector z,

x = Wyz (225)

We loop over the ny factors, applying each matrix 7; to the vector in turn to build up the complete
transform,

for (i=1...ns) do
v<=Tw
end for

In this case the definition of T; is different because we have taken the transpose,

T, =W, ® I,m.)(PJ‘?;"lDi?"1 ® I,,). (227)
We’ll define a temporary vector ¢ to denote the results of applying the rightmost matrix,

t= (P Dy~ ® Iy, v (228)

If we expand this out into individual components, as before, we find a similar simplification,

tagre = D (P57 D5 @ Ig,)(ag+b)(@ +4) Vargv (229)
a't
= Z(Pljiiingil)aa’Ua’qﬂLb (230)

a/

We have factorized the indices into the form ag + b, with 0 < a < p; and 0 < b < ¢. Just as in
the decimation in frequency algorithm we can split the index a to remove the matrix multiplication
completely. We have to write a as uf + A, where 0 < p < p;—; and 0 < \ < f,

bupnars = D (PR DET ) quexe 1+3) V0 r+ a5 (231)
wN
= 2 (PR ) s en e r+3) W VGt f+3)a+ (232)

Y



The matrix Pfc’j‘l exchanges an index of (uf + A)g+ b with (Ap;_1 + )¢ + b, giving a final result of,

— B
tpic1+m)a+b = Wy, V(uf+A)g+b

To calculate the next stage,

v' = (Wfi ® Imi)t7

(233)

(234)

we temporarily rearrange the index of ¢ to separate the m; independent DFTs in the Kronecker

product,

UE)\pi,1+u)q+b = Z (Wf’L &® Imi)(()\pi&+,U)Q+b)(()\'mf1+u’)Q+b’)t()\'mf1+u’)(I+b'
A’H,b’

If we use the identity m = p;_1q to rewrite the index of ¢ like this,

tOpic1+m)a+d = Eamt(ug+b)

we can split the Kronecker product,

Vo samars = 2 (W ® Ing) (Owima +matb)((Vpici-+)a+¥) (Vi1 a+
Nt

= > (We)awtamg+(ug+d)
A’

If we switch back to the original form of the index in the last line we obtain,

= Z(Wfi))\/\’t()\l’i—l'i-ﬂ)‘I-f-b

A/

which allows us to substitute our previous result for ¢,

! _ uX
YOpi_1+m)a+db = Z(Wfi)/wwm U(uf+X)g+b
AI

(235)

(236)

(237)

(238)

(239)

(240)

This gives us the basic decimation-in-time mixed-radix algorithm for complex data which we will

be able to specialize to real data,

fori=1...nydo
for y=0...p; 1 —1do
forb=0...q—1do
for A\=0...f—1do
ty <= wgl_’\'v(ufﬂf)ﬁb
end for
for A\=0...f—-1do
UEAp¢—1+u)q+b
end for
end for
end for
v
end for

= >IN W (A, M)ty {DFT matrix-multiply module}



We are now at the point where we can convert an algorithm formulated in terms of complex
variables to one in terms of real variables by choosing a suitable storage scheme. We will adopt the
FFTPACK storage convention. FFTPACK uses a scheme where individual FFTs are contiguous,
not interleaved, and real-imaginary pairs are stored in neighboring locations. This has better locality
than was possible for the radix-2 case.

The interleaving of the intermediate FEF'Ts results from the Kronecker product, W, ® I,. The
FFTs can be made contiguous if we reorder the Kronecker product on the intermediate passes,

W,oI,= I, W, (241)

This can be implemented by a simple change in indexing. On pass-i we store element v,q, s in
location vy, 1. We compensate for this change by making the same transposition when reading the
data. Note that this only affects the indices of the intermediate passes. On the zeroth iteration the
transposition has no effect because py = 1. Similarly there is no effect on the last iteration, which
has ¢,, = 1. This is how the algorithm above looks after this index transformation,
fori=1...n;ydo
for y=0...p; 1 —1do
forb=0...q—1do
for A\=0...f—1do
th = wgi)"“(k’qub)pi_ﬁu
end for
for \=0...f—-1do
Ubpt Opi_1+p) = SIo Wi (A, M)ty {DFT matrix-multiply module}
end for
end for
end for
v<
end for

We transpose the input terms by writing the index in the form agq;_; + b, to take account of the
pass-dependence of the scheme,

U(uf+M)a+b = Vngio1+Ng+b (242)

We used the identity ¢;_; = fq to split the index. Note that in this form Mg -+ b runs from 0 to
gi—1 — 1 as b runs from 0 to ¢ — 1 and A’ runs from 0 to f — 1. The transposition for the input terms
then gives,

Vngi—1+Ng+b = V(N g+b)pi—1-+u (243)

In the FFTPACK scheme the intermediate output data have the same half-complex symmetry as
the radix-2 example, namely,

UIS;J)—HL = UIEIZ))—T:(p—a) (244)

and on the input data from the previous pass have the symmetry,

(i-1) (1)
VN g+b)pi1+i = V(N g+b)pio1+(pio1—p) (245)

Using these symmetries we can halve the storage and computation requirements for each pass.
Compared with the radix-2 algorithm we have more freedom because the computation does not
have to be done in place. The storage scheme adopted by FFTPACK places elements sequentially
with real and imaginary parts in neighboring locations. Imaginary parts which are known to be
zero are not stored. Here are the full details of the scheme,



Term Location

9(bp;) real part  bp;

imag part —

g(bp; + a) real part  bp;+2a—1 fora=1...p;/2—1

imag part bp; + 2a

g(bp; + pi/2) | real part  bp; +p; —1 if p; is even

imag part —

The real element for a = 0 is stored in location bp. The real parts for a =1...p/2 — 1 are stored
in locations bp + 2a — 1 and the imaginary parts are stored in locations bp + 2a. When p is even
the term for a = p/2 is purely real and we store it in location bp + p — 1. The zero imaginary part
is not stored.

When we compute the basic iteration,

(@) AN X (i=1)
pr+ (Api—1+n) ZW pi )\'q—|—b)pl 1+ (246)

we eliminate the redundant conjugate terms with a > p;/2 as we did in the radix-2 algorithm.
Whenever we need to store a term with a > p;/2 we consider instead the corresponding conjugate
term with ¢’ = p — a. Similarly when reading data we replace terms with p > p;_1/2 with the
corresponding conjugate term for y' = p;_1 — p.

Since the input data on each stage has half-complex symmetry we only need to consider the
range i = 0...p; 1/2. We can consider the best ways to implement the basic iteration for each
pass, u=0...p; 1/2.

On the first pass where u = 0 we will be accessing elements which are the zeroth components
of the independent transforms W, , ® I, ,, and are purely real. We can code the pass with =0
as a special case for real input data, and conjugate-complex output. When py = 0 the twiddle
factors w;ji’\' are all unity, giving a further saving. We can obtain small-/V real-data DFT modules
by removing the redundant operations from the complex modules. For example the N = 3 module
was,

tl =21+ 29, tz =Zy — t1/2, t3 = sin(7r/3)(21 — ZQ), (247)
o =Z()+t1, T =t2+it3, ) :tz—itg. (248)

In the complex case all the operations were complex, for complex input data zg, 21, 2o. In the
real case zg, z; and 2y are all real. Consequently 1, ¢t and ¢3 are also real, and the symmetry
x1 = t1 + ity = x5 means that we do not have to compute x5 once we have computed z;.

For subsequent passes = 1...p; 1/2 — 1 the input data is complex and we have to compute
full complex DFTs using the same modules as in the complex case. Note that the inputs are all of
the form v(xg48)p;_, +u With g < pi_1/2 so we never need to use the symmetry to access the conjugate
elements with pu > p;_1/2.

If p;_; is even then we reach the halfway point p = p;_1/2, which is another special case. The
input data in this case is purely real because y = p;_; — p for p = p;_1/2. We can code this as



a special case, using real inputs and real-data DFT modules as we did for 4 = 0. However, for
i = p;_1/2 the twiddle factors are not unity,

N i—1/2)N
wpt = wh? (249)
= exp(—in\'/f;) (250)

These twiddle factors introduce an additional phase which modifies the symmetry of the outputs.
Instead of the conjugate-complex symmetry which applied for u = 0 there is a shifted conjugate-
complex symmetry,

= t;f()&l) (251)

This is easily proved,
th = S e 2W/figmin\ iy, (252)
gy = 3 e 2mi AN/ fig=inX [ i (253)
=¥ 2T [ figinX [ fi. (254)
-5 (255)

The symmetry of the output means that we only need to compute half of the output terms, the
remaining terms being conjugates or zero imaginary parts. For example, when f = 4 the outputs are
(xo+1Yo, T1+1Y1, T1 — Y1, To—1Yo). For f = 5 the outputs are (xo+1iyo, T1+1Y1, T2, T1 — Y1, To —iYo)-
By combining the twiddle factors and DFT matrix we can make a combined module which applies
both at the same time. By starting from the complex DFT modules and bringing in twiddle factors
we can derive optimized modules. Here are the modules given by Temperton for z = WQx where
x is real and z has the shifted conjugate-complex symmetry. The matrix of twiddle factors, €2, is
given by,

Q = diag(1,e™™// e72mi/] 7=/ (256)

We write z in terms of two real vectors z = a + ib. For N = 2,

ay = To, bg = —x1. (257)
For N = 3,

11 =21 — Tg, (258)

ap = To +t1/2, by =z — t1, (259)

a; = —sin(7/3)(z1 + z2) (260)
For N =4,

t = (21— 23) V2, ty = (21 + 23)/V2, (261)

ag = xo +t1, by = —x9 — to, (262)

a; =g — t1, by = x9 — to. (263)
For N = 5,

ty =1 — x4, to =1+ x4, (264)



13 = X0 — T3, 14 = T2+ T3,

ts =t —ty, te =10+ 1ts/4,

tr = (vV5/4)(t + t3)

ag = te + t7, by = —sin(27/10)ty — sin(27/5)ty,
a; =tg —t7, by = —sin(27/5)ty + sin(27/10)ty,

az = To — 15

For N =6,

ty = sin(n/3)(z5 — x1), to =sin(n/3)(x2 + x4),
ls =22 — T4, Uy =21+ 25,

ts = xo +13/2, t¢ = —x3 —1t4/2,

ap =15 —t1, by =1t — 12,

ap =1z — 13, b1 =x3— 1y,

a2=t5—|—t1, b2:t6+t2

8 Computing the mixed-radix inverse for real data

fori=n;...1do
for y=0...p;_1 —1do
forb=0...q—1do
for \=0...f—-1do

ty =0 WA X )Vspt 0ps— 1+ {DFT matrix-multiply module}

end for
for \=0...f—-1do
Uzk’q+b)m_1+u Al wp—iﬂxtf\
end for
end for
end for
v

end for

(265)
(266)
(267)
(268)
(269)

(270)

(271)
(272)
(273)
(274)
(275)

(276)

To compute the inverse of the mixed-radix FFT on real data we step through the algorithm in
reverse and invert each operation.
This gives the following algorithm using FFTPACK indexing,



When y = 0 we are applying an inverse DFT to half-complex data, giving a real result. The twiddle
factors are all unity. We can code this as a special case, just as we did for the forward routine. We
start with complex module and eliminate the redundant terms. In this case it is the final result
which has the zero imaginary part, and we eliminate redundant terms by using the half-complex
symmetry of the input data.

When g =1...p;_1/2—1 we have full complex transforms on complex data, so no simplification
is possible.

When p = p;_1/2 (which occurs only when p;_; is even) we have a combination of twiddle factors
and DFTs on data with the shifted half-complex symmetry which give a real result. We implement
this as a special module, essentially by inverting the system of equations given for the forward case.
We use the modules given by Temperton, appropriately modified for our version of the algorithm.
He uses a slightly different convention which differs by factors of two for some terms (consult his
paper for details [21]).

For N =2,
To = 2ag, x1 = —2by. (277)
For N = 3,
ti=ap—ay, ty=+/3by, (278)
To =200 + a1, T1 =1t —ty, To= —t] — 1y (279)
For N = 4,

tl = \/E(b() + bl), t2 = \/ﬁ(ao - (1,1), (280)

xo =2(ag + a1), x1 =ty —ty, (281)

xo = 2(by — by), w3 = —(ta +t1). (282)
For N =5,

t1 =2(ag + a1), t2 =t1/4— ao, (283)

t3 = (\/5/2) (CLO — al), (284)

t4 = 2(sin(27/10)by + sin(21/5)b1), (285)
t5 = 2(sin(27/10)by — sin(27/5)by), (286)
te=ts+ty, tr=1ty—ts, (287)
o =1 +az, x1 =ts— ta, (288)
Ty =17 — 15, T3 = —t7 — s, (289)

Ty = _tﬁ — t4. (290)



9 Conclusions

We have described the basic algorithms for one-dimensional radix-2 and mixed-radix FFTs. It
would be nice to have a pedagogical explanation of the split-radix FF'T algorithm, which is faster
than the simple radix-2 algorithm we used. We could also have a whole chapter on multidimensional
FFTs.
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